Abstract. Based on the smooth test for uniformity on the surface of a unit sphere , a new test for multivariate normality is presented. The test statistic does not depend on the parameters in the multivariate normal distribution. We obtain the asymptotic null distribution of the test statistic. The test procedure for testing multivariate normality is given. Power simulation shows that the test based on all spherical harmonics of degree less than 3 offers good power against a wide variety of alternatives.
Introduction
The basic distribution in multivariate analysis is the multivariate normal distribution. Hence, testing for multivariate normality is often necessary in implementing multivariate analysis. Based on a characterization of the multivariate normal distribution, the Q-Q plots for testing multivariate normality were derived [1] . Székely and Rizzo proposed a goodness-of-fit test for multivariate normality based on Euclidean distance between sample elements with estimated parameters [2] .
The idea of smooth test is that the null hypothesis density is embedded in a parameter smooth alternative, such that when the vector of parameter 0 = η , the alternative is the same as the hypothesized distribution. In this paper, The smooth test for multivariate normality is proposed, the test is based on spherical harmonics. The idea of the test is that the goodness-of-fit test for the multivariate normal distribution can be translated into the goodness-of-fit test for the uniform distribution on d Ω , the surface of a unit sphere. Therefore, the smooth test for uniformity on d Ω can be used [3] . Statistical analysis and power simulation indicated that smooth tests for ) ( d U Ω based on spherical harmonics of degree at most 2 are generally powerful.
An advantage of the new test is that the estimation of the parameters of ( , ) d N µ Σ can be avoided.
Thus the test power can be increased. The paper is organized as follows. In Section 2, we introduce some definitions and some lemmas. In Section 3, the smooth test statistic for multivariate normal distribution is presented . The asymptotic null distribution of the test statistic is obtained and the test procedure is proposed. Section 4 presents a Monte Carlo power study. Some discussions and future work are given in the last section. The proof of Theorem 1 is postponed to Appendix.
Definitions and some lemmas

Let d
Ω denote the surface of the unit sphere centered at the origin in d R , which we denote simply
by Ω dropping the suffix. Let )
let ⋅ denotes the Euclidean norm. 
Definition 1
X and / X X are independent.
Lemma2 [5] Assume that
Lemma 3 [5] Let 
Lemma 4 [6] 
Then B is a set of orthonormal functions. 
where # denotes cardinality. The elements of ∧ are arranged with 1, , m k =  . The set ∧ can be written as 
Lemma 6 [3] (Smooth test for ( )
. Then (a). The score statistic N SR for testing 0 : , 0 : Definition 3 [7] The random vector
where ( ) d a κ is a normalizing constant inserted so ( , )
L f x κ integrates to one. [7] The random vector Ω if the probability density function of 
Definition 4
( ) d X is ' 2 1 ( , ) exp{ ( ) }, ( ) SW d d f x x x b λ λ µ λ = ∈ Ω ,(10)
Smooth test for multivariate normal distribution
x R ∈ . We want to test
where µ and Σ are unknown parameters. The goodness -of-fit test for the multivariate normal distribution is based on the goodness-of-fit test for )
, ,
 be defined by (4) and let (12) Let N be defined by (7) . Let ( ) (1) Compute the values of
(2) Compute the values of (15) (6) The multivariate normality is rejected for large value of ψ .
Remark 3 Theorem 1 indicates that if
Power simulations
The power of a statistical test is the probability of correctly rejecting a false null hypothesis. Table 2 Simulated powers of ψ ( bimodal : Table 3 Simulated powers of ψ ( annular : From Table 1, Table 2 and Table 3 , the following statements can be asserted: 
Conclusion
The goodness-of-fit test for multivariate normality should be done before using many statistical analysis. Classical theory on Bayesian classifiers assume that the populations are normally distributed.
Our proposed statistic ψ in (15) provides a powerful smooth test of multivariate normality . The power simulation revealed that the combination test of the center of mass and the moment of inertia should be applied [8] . Consequently, asymptotically independent and they may indicate what alternative distribution would fit the data. A more detailed power simulation will be carried out to reveal the test power of the components against particular alternatives.
